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This paper gives a rigorous justification of the equations of motion
of a gyroscope in the form of equations of the representative point

in a certain plane, the so-called phase plane. It turns out that these
well-known equations [ 1,2,3 ] are valid only if the forces acting on
the gyroscope satisfy a number of limitations.

1. The representative point (the pole) of a gyroscope and the phase
plane are introduced in the following way. Let xyz be a coordinate system
whose origin coincides with the center of the gimbal suspension, the :z-
axis making a small angle with the z-axis which is the spin axis of the
rotor (or equivalently with the direction of the angular momentum vector
H of the rotor) (see Fig. 1). The orientation of the coordinate system
xyz at any instant of time 1is assumed to be known. In particular, 0, ©
and @, which are the x, y and z components of the angular velocity of tﬁe
system xyz with respect to the system {*p*¢*; which has constant orient-
ation with respect to fixed stars, are known functions of the time. The
directions of the axes x and y are chosen in such a way that the components
o, and @ assume the simplest possible form. For example, in the case of
a vertical gyroscope it is convenient in many cases to select the geo-
graphical system, where the z-axis coincides with the local vertical and
the x- and y-axes are directed East and North, respectively. In the case
of a gyrocompass the z-axis would point North. In a number of theoretical
problems (for example, for a horizontal gyrocompass, see [4]), it is
convenient to select a coordinate system x°, y®, z0, in which the x°-axis
is along the velocity vector of the suspension point of the gyroscopic
system with respect to a hypothetical non-rotating earth. The z0-axis is
taken along the radius vector of this sphere.

The plane X Yparallel to the coordinate plane xy (Fig. 1) at a unit
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distance from the origin (its equation is z = 1) is called in the theory
of gyroscopes the phase plane. The point P which is the intersection of
the phase plane with the angular momentum vector H (or with the z’-axis)
is called the representative point or the pole of the gyroscope. The z,

y and z components of the velocity of the representative point with
respect to the inertial system é*p*(* (whose origin is also in the center
of suspension of the gyroscope) are expressed by the following formulas:

dx d
vx = — A+ @y — Yo vg:-ag—mmxﬂ&—wa‘ v, = yoy, —zwy (1)

Here x and y are the coordinates of the representative point P (the
z-coordinate is constant and equals unity).

The equations of motion of the representative point for the precess-
ional (elementary) theory of a gyroscope are usually expressed in the
following form

Ho.= M.,  Hv,=M, (2)

Strictly speaking, in these equations the right-
hand members M_ and M_ should not be (as it often
is) regarded as sums of the moments of forces act-
ing on the gyroscope with respect to the x- and y-
axis, respectively. A gyroscope is a mechanical
system consisting of the following three parts: the
rotor, the inner ginbal ring, and the outer gimbal
ring (Fig. 2). For this reason, when we construct
the equations of motion of a gyroscope we must care-
Fig. 1. fully take into account on which part the appropriate
forces act, Otherwise mistakes are unavoidable®*,

In what follows we shall explain how to interpret the right-hand
members of the equations (2), how to make the equations more accurate and
we shall list the conditions under which the equations are valid.

2. In order to accomplish the tasks stated
above we must use the rigorous equations for
the precessional motion of a gyroscope on
gimbals, As these equations will be derived
from the principle of virtual velocities [ 5]
we must first introduce certain kinematic
relations.

We shall introduce three new coordinate

* oOne such mistake can be found in [61].
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systems {7 {; &7, {,; and xy"z" with origins in the center of the gyro-
scope suspension, like the systems £*p*¢* and zyz (Fig. 3). The coordi-
nate system 7 ¢ is attached to the base of the gyroscope system, the
£-axis being along the axis of the outer gimbal ring. The coordinate
system ‘51'7141 is attached to the outer gimbal ring, the fl- and 7, -axes
being along the axis of the outer ring and along the axis of the inner
ring, respectively,

Finally, the coordinate system x’y”z’ is fixed in the inner ring, the
y’-axis coinciding with the n, -axis and z”-axis along the axis of rota-
tion of the gyroscope (Fig. 43, that is along the vector of its angular
momentum H.

We shall denote further by a the angle between the outer ring and the
base, by B the angle between the inner and the outer rings. We shall
introduce the condition that when a = 0 the coordinate system &7 1§1 and
&n ¢ coincide, and when the angle a increases the outer ring turns anti-
clockwise with respect to the base when observed from the side of posi-
tive branches of the coinciding axes ¢ and &,. Similarly, when 8= 0 the
coordinate systems x'y’z” and £ 9 {, coincide and when 8 increases the
inner ring turns anticlockwise with respect to the outer ring when observed
from the side of the positive branches of the axes y’ and p,.

The angular velocity of the base with respect to the system £*p*(*
(of constant orientation with respect to the fixed stars), shall be de-
noted by u and its &, n and { components by ug, Uy and uge

It can be easily shown (Fig. 5) that @,, the angular
velocity of the outer ring with respect to the system
&***, has the following £,9,{, is the system moving

with the outer ring): . y
1 , 42 1 R .
Wz =Wz 7= Wy = u,cosa | ugsina,
@zl = —u, sin o4 ugcos (3}

In a similar way we can obtain the z’, y* and z*
components of w’, which is the angular velocity of the
inner ring with respect to the system £**¢* (x%, y’,

’

z’ is the system moving with the inner ring):

da . .
Wy’ = (ug + _dT) ¢0s 8 — (— u,sina + uy cosx) sin §

" =uycosa -+ uysina + %E’— (%)

day . .
0y = (ua -+ E‘) sin B + (—u,sina 4 ugcosa) cos B

Finally, the 2”, y”, z’ components of w, which is the angular velocity
of the rotor with respect to the system {*p*{* are
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d
Oy = Oy, Wy == ‘ﬁy"u 0y = w, + ?:;i (5)

where ¢ is the angle of anticlockwise rotation of the rotor with respect
to the inner ring.

3. We shall investigate the kinetostatics of the gyroscope in the
system £*7*{*. As we have stated above the gyroscope is a mechanical
system consisting of three bodies: outer gimbal ring, inner gimbal ring,
and the rotor (Fig. 2).

In the precessional (elementary) theory of gyroscopes the angular
momenta of the two rings are neglected, and the angular momentum of the
rotor is assumed to be its natural angular momentum H. The vector H is
directed along the rotor’s axis of revelution z”. The absolute value of
H equals the product of the rotor’s moment of inertia about the z”-axis
by the angular velocity of the rotor d¢/dt.

It follows then, that according to the precessional theory of a gyro-
scope, the D'Alembert inertial forces*® in the system {*p*{* should be
expressed only through variation of the proper angular momentum vector H.

L
¢ ¢

w,
Lu Bl 4

»

Fig. 4. Fig. 3. Fig. 6.

The velocity vector of the tip of the vector f (with respect to the

&*n*{* system) has the following x’y"z” components (Fig. 7):

wyH = — G, — oy H = —G,y, o B (6)

Hence, when investigating the kinetostatics of a gyroscope mechanical

system, we must use couples with moments G -, Gyr, G,- which are applied
to the rotor and which are given by (6).

* An elementary D’Alembert inertial force is a vector in the direction
opposite to the direction of acceleration (of a given element of mass)
with respect to the considered coordinate systenm f*q*g‘ and numerically
equal to the product of the acceleration and the element of mass.
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The forces acting on our system could be classified as the external
forces and the mutual reaction forces between the rotor and the inner
ring, between the inner and the outer ring, and

2 between the outer ring and the base.
'y dH Among the external forces we include the
“ V¥ dt Coriolis inertial forces and the inertial forces

{ of the transfer motion caused by the displace-
ment of the coordinate system £*p*{™ with respect
w' H H to the so-called absolute system whose origin is
at the center of mass of the solar system and
having constant orientation with respect to fixed
stars. The system £*p*{* does not rotate, hence
the Coriolis inertial forces are absent.

Fig.. 7. Due to translation of the ccordinate system
&*n*f*, all the inertial forces of the transfer
motion acting on the separate elements of the
mechanical system are mutually parallel. All of them have an opposite
direction to the acceleration of the origin of £**{* with respect to the
absolute system. It is obvious that the totality of the inertial forces
of the transfer motion acting on an isolated body is equivalent to a
resultant force through the center of gravity, The magnitude of the re-
sultant equals the product of the mass of the body and the acceleration
of the origin of the system {*5*(* (or of any other point in the body).

The forces of mutual reactions between different bodies in the gyro-
scope mechanical system consist of normal reactions of the constraints
and of couples, whose vectors are along axes constraining these bodies.
Such is also the case with the mutual reaction forces between the base
and the outer gimbal ring. If there are some other forces of mutual re-
actions between the base and other bodies of the system they could be
regarded as external forces.

On the strength of D’Alembert’s principle, the gyroscope mechanical
system under the action of all the listed forces together with the
couples G -, G -, G - should be in equilibrium. The system has three
degrees of freedom: the motion of the base with respect to the system
&*n*¢* should be regarded as known. The most natural choice of the
generalized coordinates would be the set of angles a, 3 and ¢, which are,
respectively, the angles of rotation of the outer ring with respect to
the base, of the inner ring with respect to the outer ring, and of the
rotor with respect to the inner ring.

Let us impart to the elements of our mechanical system virtual velo-
cities corresponding to the generalized virtual velocities
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& (da / dt), 3(d3 dt), 3 (do /dt

The &, nlé projections of the virtual angular velocity of the outer
ring, corresponding to the above virtual velocities are obtained from

(3) as
St = o (dx / dt), oy, = 0, Sot, =0 (7)

From formula (4), we obtain further the following expressions for the
x’, y°, z’ projections of the virtual angular velocity of the inner ring
B = da cus B B0y, = 3 4 By = B —sm 3 (8)
=0 YR v =00 vy =
Finally, we obtain the following expressions from formulas (5) and
(4) for the projections of the virtual velocity of the rotor
dB da . ~ do
Oy = 8 cos( Soy =0 —— 30y, = BW sinB -+ ¢ - (%
We shall construct now an expression for the virtual power 6 W due to
all the forces acting on the gyroscope system, including the couples G, -,
Gyr, GZ'. We obtain

W = (mx' -+ er) waf (mu: -+ G )Swy -+ (mzr -+ GZI)SO)Z, +
L B+ Ly 80y + Ly by + I Bk, + M T 4 L8 % 4 Ky p 2 (10)

Here Kz, is the sum of the moments of the forces exerted by the base
on the outer ring about the axis of the outer ring &, (£); Ly is an
analogous sum of the moments of the forces actlng on the 1nner ring and
exerted by the outer one, about the axis of the inner ring y (nl) M,
is the sum of the moments of the forces acting on the rotor and exerted
by the inner ring, about the rotor’s rotation axis z’. Further, k, ! and
m, with appropriate subscripts, denote sums of moments of the outside
forces acting respectively on the outer ring, inner ring and the rotor,
about axes indicated by the subscripts.

In the expression for the virtual power 8 ¥ the forces of normal re-
actions of constraints are obviously absent because they do not develop
any power.

We shall now in the formula for 8 W replace the components of the
virtual angular velocities by the expressions from (7), (8) and (9). We
obtain

W == [Kg, -+ ke, + (I + Mmx + Gx) cOs B + (L + my + G, )smﬁ]&
+ (y + my + Gy +Lu')5d—, + (my + Gz + MZ’)B'J (1
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According to the principle of virtual velocities, the power § ¥ should
equal zero for any choice of virtual velocities which satisfy the con-
straints, that is, for arbitrary values of §{da/dt), 8(dB/dt) and
8(d¢ /dt). This is possible only if every multiplier of these velocities
in the expression (1l1) equals zero. Consequently, we obtain the following
relations

K: + ke, + (I + me + Gy} cos B - (I + my + Gy)sinB =0
Ly' + lﬂ' + my: -+ Gy' = O, Mz' -+ my Gz~ =0 (12)
in which the quantities G ., G_. and G;" could be replaced by the ex-

pressions from (6). After eliminating a group of terms from the first
expression of (12) we obtain

w;,- H=my+ 1o+ (KE| + ka;) sec ﬁ_ (Mz’ - lz') th
—wpH =my +ly+Ly, dH/dt=my+ M, (13)

The equations (13) are equations of the precessional motion of a gyro-
scope on gimbals,*

4. In order to pass now to the equations of motion of the represent-
ative point we shall begin by transforming the first two equations (13).
The representative point is on the z”-axis at a variable distance p from
the common origin of x“, y”, z° and xyz. It is easily seen that the x°,
y" and z° components of the velocity of the representative point with
respect to the system £*5*{* are given by the formulas

Ve = m;,p, vy = --«w;rp, vp=dp/dt (14)

Using the above formulas we could write the first two equations (13)
in the following form

Hv—f" == M+ e + (Kg, 4 ky) sec p— (M — 1) tg B,
Ve
H“py_ =my +ly+ Ly (19)

The z°, y” and z° components and the x, y and z components of the velo-
city of the representative point v are related through the equations

V= ave 4 bvy + cv,
vy= a'vx+ b'vy+ vy

vy= a"vp-+ b0y +c"vp (16)

Compare the above derivation with the derivation by the method of
elementary statics as given in[6].
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The directions cosines between the coordinates systems x”, y”, z” and
xyz are given in the tabular form in (17),

z’ y; z’

(17

We shall substitute now in the right-hand members of (16) the ex-
pressions for v_-, and v . from (15) and the expression for v, . from the
third formula in (14). Consequently we obtain

l‘_,l.
H~p— =a(my + L)+ b(my + 1) +

cll dp

+al(Kz, + kz)secp— (M, — 1) tgB] -+ bLy -+ T

v
H b = a (mo 4 L) + U (= L) + (18)
=+ a [(Kix + kil) sec p - (Mz’ - lz') t‘g @] + b,Ly‘ + ‘(ipi Z—‘;

vZ " I
HT = a" (mx =+ le) + b (my + Uy) +
c*H
p

LNV 4 ) I’ ” d
L a" (K, + k) sec B — (My— L) tgB] + b"Ly + ——

The third equation in (18) follows from the first two. This can be
easily shown by adding separately the right- and the left-hand members
of all these equations, multiplying them beforehand by the direction
cosines ¢, ¢, c¢” respectively, and utilizing the well-known relations
between directions cosines (17), the equation

Uy = CUx + vy - "y, (19)
and the third formula in (14).

Let us mention that, similarly to the equations (16), we have

a{my + lx’) -+ b (my + lu‘) +c(my + lz) = my + Iy
a’ (my + L) + b (my + ly) + ¢ (M + 1) = my 4 1 (20)
a" My + L) + 0" (my 4 Ly) + " (my + 1) = m; + L,
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where mn, m,m, and lx, ly, lz are sums of the moments of the external

forces acting on the rotor and the inner ring about the indicated axes.

By using the equations (20) we could express the first two equations
in (18) in the following form

H%‘_=mx_l_lx+a[(KEl+k5l)SeCp—(Mz’ lz')tgp] -+
+bL, + ¢ (H % %‘;—- —my— lz’) (21)

H 2L —m, 4 1y + o [(Ke, + ke seo 8 — (M — L) tg Bl +

d
b Ly (H -;-.dtﬂ — my— 1)

The above relations represent the rigorous equations of the motion of
the representative point in the phase plane.

These equations should be supplemented by the equations relating
direction cosines a, b, a” and b”, which give the orientation of the
moving object (that is, the coordinate system £7{ ) with respect to both
the coordinate system'xyz and with respect to the coordinates of the re-
presentative point x and y which are in the xyz system. Besides, the two
first formulas of (1) should be taken into account and also the formulas

T =pcosz'x = pc, y=pcosz'y =pc (22
p=V1+a2+y (23)
9. The equations (21) could be considerably simplified in the case
when the coordinates of the representative point x and y, and their time
derivatives, are small quantities and their quadratic terms could be

neglected. Then, according to the formula (23) the variable distance p
becomes unity and the terms containing the time derivative of p vanish,

Besides, according to the formula (22), to small quantities of the
second order we obtain

c=z, ¢ =y (24)
Further, according to the table of direction cosines (17) we have

et =1, a4 bR =1 (25)

and with the same accuracy we have
x? L y2
=1 —g2—y?, c”=1———2—g—

. @rtpm=aihy (2)

From the above there follows that in the general case the direction
cosines ¢” and b” are small quantities of the first order, and the
direction cosine c¢” differs from unity by a small quantity of a higher
order. Taking into account the above observations and the relation
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my - Ly =c (mx + L)+ ¢ (my + Eu) e (m, + iz) (27)

we could, without changing the prescribed accuracy, replace in the equa-
tions (21) the sums of the moments mo-, Lo, bym + 1 respectively.

Utilizing further the formulas (1) and (24), we finally obtain the
differential equations of the motion for the representative point, in
the form

H(\g -+ wy“‘ymz) = my -} lx—-'z(mz’Jf‘lz) ~+
4 a|(Ke, + kg )secB— (M, — 1) tg Bl + bL,,
dy,

H(sz" -(ny+me> =my~+1l,—y(m, 4 1;) + (28)
+ a' [(Kyg, + kg )sec B — (M, — 1) tgB] + b'L,

The direction cosines @, b, 2 and b" between the axes x’, y° and x,
y, for small values of the coordinates x and y, could also be represented
in a simpler form. They could be expressed explicitly through the angles
a and 3 and the angle k between the axes y” and y (the course of the
object if the axis y is directed North).

6. We shall mention finally that the equations (2) are obtained from
the rigorous equations (21) with the following addjtional assumptions:
(1) The sum of the moments, Kz, of the forces of interaction between the
base and the outer ring about the axis of the outer ring &, (£) is zero.
In particular, this axis has no friction. Similarly, the moments L - and
M, of the interaction forces of the inner ring with the outer ring and
with the rotor are zero; (2) The sum of moments K , of the external forces
acting on the outer ring about the £, (£) axis, is zero (this is equivalent
to the requirement that the outer ring should be exactly equilibrated);
(3) The moments m,» and I » of the external forces acting on the inner
ring and the rotor, about the rotor’s axis of rotation z” are zero. (4)
The coordinates of the representative point x and y are small guantities.

Indeed, if we substitute in the equations (21)
Ka‘ = Ly*‘ = ﬂ/fz/ == (), ki‘ = My = lz‘ = O (29)

and further assume according to (23) that p equals unity, then we arrive
at
Hy, = my + Iy, Hvy =my+ 1, (30)

which would be identical with equations (2) if we assume that ¥, and ¥
in these equations are sums of moments m, + l and m + !y, of the ex-
ternal forces, acting on the mechanical system rotor’- inner ring.
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In this way we have fully clarified the conditions under which are

valid the well-known equations (2) of the precessional theory of a gyro-
scope in the form of equations of motion of the representative point in
the phase plane, and have also explained the meanings of individual terms
of these equations.

It appears to be also possible to take into account the influence, on

the motion of the axis of rotation of the gyroscope, of the moments Ki ,
Ly», M., kfl' m+, 1, by using the equations in the form (21) or (2 3.
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